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Let R be a ring and let simp-R be a representative set of all simple (right R-)
modules. Denote by <ω the class of all modules which are ﬁnitely generated and
have ﬁnite projective dimension. The little ﬁnitistic dimension of R is deﬁned by
fdimR = supprojdimM  M ∈ <ω. Let  be the complete cotorsion
theory cogenerated by <ω. For each S ∈ simp-R, let fS  XS → S be a special
-precover of S. We prove that fdimR = maxprojdimXS  S ∈ simp-R pro-
vided that R is right artinian. As a corollary, we extend to right artinian rings the
well-known Auslander–Reiten sufﬁcient condition for ﬁniteness of the little ﬁnitistic
dimension.  2001 Elsevier Science
INTRODUCTION
In general, the global dimension of a ring R may not reﬂect the com-
plexity of the module category Mod-R. For example, if R = pn , where p
is a prime and n > 1 then gl.dimR = ∞, but R is of ﬁnite representation
type. Therefore, in the late 1950s, Auslander, Buchsbaum, and Kaplansky
introduced other homological dimensions: the little and the big ﬁnitistic
ones.
The little ﬁnitistic dimension, fdim(R), is deﬁned as the supremum of the
projective dimensions of all ﬁnitely generated modules of ﬁnite projective
dimension. The big ﬁnitistic dimension, Fdim(R), is the supremum of the
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projective dimensions of arbitrary modules of ﬁnite projective dimension.
For example, Fdim(pn = fdimpn = 0.
By deﬁnition, Fdim(R ≥ fdimR) for any ring R. Moreover, FdimR =
fdimR = gl.dimR provided that gl.dimR < ∞ by the Auslander
lemma. So the interest in the ﬁnitistic dimensions is primarily for rings of
inﬁnite global dimension.
Bass, Gruson, and Raynaud proved that Fdim(R) coincides with the Krull
dimension of R in case R is commutative and noetherian. Auslander and
Buchsbaum proved that fdimR = depthR in case R is commutative
local and noetherian. So in the latter case both dimensions are ﬁnite, but
they coincide if and only if R is Cohen–Macaulay. Examples of commuta-
tive noetherian rings with FdimR = fdimR = ∞ were constructed by
Nagata.
In the case when R is right artinian, the statements
(I) FdimR = fdimR
(II) fdimR <∞
are known as the ﬁrst and the second ﬁnitistic dimension conjecture, respec-
tively. (I) was disproved by Zimmermann Huisgen in 1992 using a particular
class of right artinian rings: the monomial relation ﬁnite dimensional alge-
bras (see [12]). Examples with arbitrarily big differences between the two
dimensions have recently been constructed by Smalø; cf. [10, Sect. 1].
The second ﬁnitistic dimension conjecture has been proved for monomial
relation algebras, and in a couple of other cases, but it remains open in
general; cf. [10, 13].
In [2], Auslander and Reiten proved that (II) holds true in case R is a
ﬁnite dimensional algebra such that the category <ω of all ﬁnite dimen-
sional modules of ﬁnite projective dimension is contravariantly ﬁnite. Nev-
ertheless, the latter condition is not necessary for (II) to hold: <ω may
not be contravariantly ﬁnite even for monomial algebras over algebraically
closed ﬁelds [8].
In this paper, we show that the Auslander–Reiten idea can be pushed
forward when combined with recent results on complete cotorsion theo-
ries and approximations of (inﬁnite dimensional) modules due to Eklof
and the author [4, 5, 11]. Unlike the ﬁnite dimensional ones, the inﬁnite
dimensional approximations always exist. This makes it possible to com-
pute fdim(R) as the maximum of projective dimensions of ﬁnitely many
approximations of simple modules in the case when R is right artinian.
In this way, we obtain a formula for fdim(R) in Theorem 2.7 below. As
a corollary, we extend the Auslander–Reiten result to the right artinian
case (Corollary 2.9).
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In Section 1, we recall the relevant preliminary notions and results on
approximations and cotorsion theories. Section 2 consists of the proofs of
the main results.
1. APPROXIMATIONS AND COTORSION THEORIES
In what follows, R denotes an (associative unital) ring. For a ring R,
Mod-R denotes the category of all (unitary right R-) modules. The sub-
category of Mod-R consisting of all ﬁnitely generated modules is denoted
by mod-R. Further, simp-R denotes a representative set of the class of all
simple modules.
Let M be a module and let  be a projective resolution (injective
coresolution) of M in Mod-R. For each n < ω SnM and CnM denote
the nth syzygy module of M in  and the nth cosyzygy module of M in ,
respectively.
Deﬁnition 1.1. Let  ⊆ Mod-R be closed under isomorphic images
and direct summands. Let M ∈ Mod-R. Then f ∈ HomRCM with C ∈
 is a -precover of M provided that the abelian group homomorphism
HomRC ′ f  HomRC ′ C → HomRC ′M is surjective for each C ′ ∈ .
A -precover f ∈ HomRCM of M is a -cover of M provided that f
is minimal; that is, fg = f and g ∈ EndRC implies that g is an automor-
phism of C.
 ⊆ Mod-R is a precovering class covering class provided that each
module has a -precover (-cover).
Dually, -preenvelopes, -envelopes, and enveloping classes of modules
are deﬁned; cf. [6, Sect. 6.1].
Under rather weak assumptions on the class , the -covers are special
in the following sense:
Let  ⊆Mod-R. Deﬁne
⊥ = Ker Ext1R−
= N ∈Mod-R  Ext1RCN = 0 for all C ∈ 
⊥ = Ker Ext1R−
= N ∈Mod-R  Ext1RNC = 0 for all C ∈ 
LetM ∈Mod-R. A -precover f  C →M ofM is special if f is surjective
and Ker f ∈ ⊥. In other words, there is an exact sequence
0→ D→ C f→M → 0
with C ∈  and D ∈ ⊥.
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Dually, the notion of a special -preenvelope, f , of a module M is
deﬁned—it corresponds to an exact sequence
0→M f→ C → D→ 0
with C ∈  and D ∈ ⊥.
Lemma 1.2. LetM be a module. Let  be a class of modules closed under
extensions and such that  contains all projective modules. Let f  C →M be
a -cover of M . Then f is special.
Proof. Well known; see [6, Corollary 7.2.3].
Lemma 1.2 also holds in the setting of mod-R—that result is known as
the Wakamatsu lemma.
Another reason for investigating the special precovers consists in their
close relation to cotorsion theories:
Deﬁnition 1.3. Let  ⊆ Mod-R. The pair () is called a cotor-
sion theory if  = ⊥ and  = ⊥. If  is a class of modules then
 = ⊥C⊥⊥
is a cotorsion theory, called the cotorsion theory cogenerated by the class
. Similarly,
 = ⊥ ⊥⊥
is called the cotorsion theory generated by .
Cotorsion theories are analogs of the classical (nonhereditary) torsion
theories where Hom is replaced by Ext. The basic relation to approxima-
tions goes back to Salce [9, Corollary 2.4]. It may be viewed as a substitute
for the non-existence of duality for arbitrary modules:
Lemma 1.4. Let R be a ring and let  =  be a cotorsion theory of
modules. Then the following are equivalent:
1. Each module has a special -precover.
2. Each module has a special -preenvelope.
In this case, the cotorsion theory  is called complete.
Proof. Well known; see [6, Proposition 7.1.7].
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Let κ be an inﬁnite cardinal. A chain of modules, (Mα  α ≤ σ), is
continuous provided that Mα ⊆Mα+1 for all α < σ and Mα = ∪β<αMβ for
all limit ordinals α ≤ σ .
Let M be a module and let  be a class of modules. Then M is
-ﬁltered provided that there is a continuous chain (Mα  α ≤ σ) consist-
ing of submodules of M such that M = Mσ , and each of the modules
M0Mα+1/Mαα < σ is isomorphic to an element of . If σ can be taken
ﬁnite, we say that M is ﬁnitely -ﬁltered.
For example, if  = simp-R, then the -ﬁltered modules coincide with
the semiartinian modules, and the ﬁnitely -ﬁltered modules are exactly
the modules of ﬁnite length.
We will need the following well-known homological facts:
Lemma 1.5. Let N be a module and 0 < n < ω. Let (Mα  α ≤ σ) be a
continuous chain of modules.
Assume that ExtnRM0N = 0 and ExtnRMα+1/MαN = 0 for all α < σ .
Then ExtnRMσN = 0.
Proof. The case of n = 1 is [6, Theorem 7.3.4]; the general case follows
by dimension shifting.
Lemma 1.6. Let R be a right coherent ring, let M be a ﬁnitely presented
module, and let (Nα fαβ  α < β ∈ I) be a directed system of modules. Then
Ext1R
(
M lim−→α∈I Nα
) ∼= lim−→α∈I Ext
1
RMNα
Proof. See for example [6, Lemma 10.2.4].
The next result is crucial—it ensures that any cotorsion theory cogener-
ated by a set of modules is complete. It was proved in [4] and inspired by
a speciﬁc construction of Go¨bel and Shelah concerning rational cotorsion
theories of abelian groups [7]. (Note that any cotorsion theory cogener-
ated by a set of modules, 	 , is actually cogenerated by the single module
M = ⊕S∈	 S.)
Theorem 1.7. Let 	 be a set of modules.
1. Let M be a module. Then there is a short exact sequence 0→M ↪→
P → N → 0, where P ∈ 	 ⊥ and P is the union of a continuous chain of
submodules, (Pα  α < λ), such that P0 =M and Pα+1/Pα is isomorphic to a
direct sum of copies of elements of 	 for each α < λ.
In particular, M ↪→ P is a special 	 ⊥-preenvelope of M .
2. The cotorsion theory 	 = ⊥	 ⊥	 ⊥ is complete.
Proof. (1) and (2) follow by [4, Theorem 2] and [4, Theorem 10], respec-
tively. A more categorical proof appears in [6, Theorem 7.4.1].
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Theorem 1.7 has numerous applications. One of them characterizes
cotorsion theories cogenerated by a set of modules:
Theorem 1.8. Let  =  be a cotorsion theory and let 	 be a set
of modules. Put 	 + = 	 ∪ R. The following are equivalent:
1.  is cogenerated by 	 .
2.  consists of all direct summands of all 	 +-ﬁltered modules.
Proof. By [11, Theorem 2.2].
Though cotorsion theories are often complete this is not always the case.
Let R =  and 
 = ⊥ ⊥⊥. Then 
 is generated by the single group
 and cogenerated by the class ⊥ of all Whitehead groups. Eklof and
Shelah have recently proved that it is consistent with ZFC + GCH that the
class of all Whitehead groups is not a precovering class. In particular, it is
consistent that 
 is not complete [3].
2. A FORMULA FOR THE LITTLE FINITISTIC DIMENSION
Deﬁnition 2.1. Let R be a ring.
For each n < ω, denote by n the class of all modules of projective
dimension ≤ n. Let  = ∪n<ωn, so  is the class of all modules of ﬁnite
projective dimension.
Further, let ≤ω denote the class of all countably generated modules of
ﬁnite projective dimension. Put <ω = ≤ω ∩mod-R, so <ω is the class
of all ﬁnitely generated modules of ﬁnite projective dimension.
For each n < ω, deﬁne ≤ωn = n ∩≤ω and similarly <ωn = n ∩<ω.
The notion of a complete cotorsion theory helps to clarify the close rela-
tions among these classes of modules. We start with applications to the
classes of arbitrary modules of ﬁnite projective dimension:
Proposition 2.2. Let R be a ring and let n < ω.
1. Let κ = cardR +ω. Denote by ≤κn the class of all ≤κ-generated
modules of projective dimension ≤n. Then n consists of all ≤κn -ﬁltered mod-
ules. Moreover, (n n⊥) is the complete cotorsion theory cogenerated by
≤κn . In particular, FdimR = supprojdimM M ∈ ≤κ.
2. Assume that each right ideal of R is countably generated (e. g.,
assume that R is right noetherian). Then n consists of all ≤ωn -ﬁltered mod-
ules. Moreover, the complete cotorsion theory (n n⊥) is cogenerated by
≤ωn . In particular, FdimR = supprojdimM M ∈ ≤ω.
3. Assume that R is right perfect. Then the complete cotorsion theory
(n n⊥) is generated by the ﬁnite set n = CnS  S ∈ simp-R.
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Proof. (1) and (2) Let M ∈ n. The (rather similar) proofs of the exis-
tence of a ≤κn -ﬁltration of M in (1), and of a 
≤ω
n -ﬁltration of M in
(2), appear in [6, Proposition 7.4.5; 10, Proposition 2.1], respectively. The
remaining assertions of (1) and (2) then follow by Lemma 1.5 and Theorem
1.8, since both ≤κn and 
≤ω
n have a representative set of elements.
(3) Let n = 0. We prove that 0 = ⊥simp-R). Assume M ∈ ⊥simp-
R)\0. Since R is right perfect, M has a projective cover 0 → K ↪→ P →
M → 0, where K is a non-zero superﬂuous submodule of P , and K has a
maximal submodule, L. By assumption, Ext1RMK/L = 0. So the projec-
tion π K → K/L can be extended to σ ∈ HomRPK/L. Then Kerσ is
a maximal submodule of P , so K ⊆ RadP ⊆ Kerσ , and π = σ  K = 0,
a contradiction. Now, for any n > 0, we have M ∈ n iff SnM ∈ 0 iff
Ext1RSnM simp-R = 0 iff ExtnRM simp-R = 0 iff Ext1RMn = 0.
For any ring R, we have the following three increasing chains:
0 ⊆ 1 ⊆ · · · ⊆ n ⊆ n+1 ⊆ · · · ⊆  =
⋃
n<ω
n
≤ω0 ⊆ ≤ω1 ⊆ · · · ⊆ ≤ωn ⊆ ≤ωn+1 ⊆ · · · ⊆ ≤ω =
⋃
n<ω
≤ωn 
<ω0 ⊆ <ω1 ⊆ · · · ⊆ <ωn ⊆ <ωn+1 ⊆ · · · ⊆ <ω =
⋃
n<ω
<ωn 
Clearly, if there is a least n < ω such that in the ﬁrst chain n = n+1,
then n = m for all m ≥ n, and Fdim(R = n. Otherwise, Fdim(R = ∞.
If R is right noetherian, then the same is true of the second chain, by
Proposition 2.2.2. So a possible obstacle to the validity of the ﬁrst ﬁnitistic
dimension conjecture for R lies in (a representative set of all) countably
inﬁnitely generated modules of ﬁnite projective dimension.
If R is right noetherian then the least n such that the third chain stabilizes
equals the little ﬁnitistic dimension of R otherwise fdim(R = ∞.
Now, we turn to applications to the classes of ﬁnitely generated modules
of ﬁnite projective dimension. We start with the setting of arbitrary rings:
Lemma 2.3. Let R be a ring and let  be a set of ﬁnitely presented modules
such that for each F ∈  there is a syzygy module S1F which is isomorphic
to an element of  .
Let  =  be the complete cotorsion theory cogenerated by  .
For each S ∈ simp-R, take a special -precover of S fS XS → S. Put  =
XS  S ∈ simp-R.
Let M be a semiartinian module and let (Mβ  β ≤ α) be a (transﬁnite)
composition series of M . For each β < α, denote by σβ the inclusion of Mβ
into Mβ+1.
Then there exists a well-ordered direct system of short exact sequences 0→
Yβ → Xβ
fβ−→Mβ → 0 β ≤ α with monomorphisms (µβ νβ σβ) β < α
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such that the diagram
0 0
Yβ Yβ+1
Xβ Xβ+1
Mβ Mβ+1
0 0
µβ
νβ
fβ fβ+1
σβ
is commutative for all β < α, and the system has the following properties:
• Xβ is -ﬁltered and Yβ ∈  for each β ≤ α.
• Cokerνβ ∼= XS for some S ∈ simp-R, for each β < α.
• The system is continuous (that is, 0 → Yβ → Xβ
fβ−→Mβ → 0 is the
direct limit of 0→ Yγ → Xγ
fγ−→Mγ → 0 γ < β whenever β ≤ α is a limit
ordinal).
Proof. The proof is by induction on the composition length of
M lM = α. For α = 0, we take Yα = Xα = 0.
Assume lM = α + 1. We have the exact sequence 0 → Mα
σα−→
Mα+1
gα−→S → 0 with S ∈ simp-R, Mα+1 =M , and lMα = α. Consider the
pull-back of fS and gα:
0 0
YS YS
0 Mα B XS 0
0 Mα Mα+1 S 0
0 0
hα fS
σα gα
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By the induction premise, we have a direct system of exact sequences,
0 → Yβ → Xβ
fβ−→Mβ → 0 β ≤ α, and monomorphisms, (µβ νβ σβ
β < α.
We will prove that Ext2RXSYα = 0; that is, Ext1RXSC1Yα = 0.
Since XS ∈ , Theorem 1.8 and Lemma 1.5 show that it is sufﬁcient to
prove that Ext1RFC1Yα = Ext2RFYα = 0 for any F ∈  . But Yα ∈ ,
and S1F ∈  by assumption, so Ext2RFYα = Ext1RS1F Yα = 0.
It follows that the homomorphism Ext1RXS fα is surjective, so there is
a commutative diagram with exact rows and columns:
0 0
Yα Yα
0 Xα Xα+1 XS 0
0 Mα B XS 0
0 0
να
fα kα
Combining the two diagrams above and using the 3× 3 lemma, we get a
commutative diagram with exact rows and columns:
0 0 0
0 Yα Yα+1 YS 0
0 Xα Xα+1 XS 0
0 Mα Mα+1 S 0
0 0 0
µα
να
fα hαkα fS
σα
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Put fα+1 = hαkα. Then 0 → Yβ → Xβ
fβ−→Mβ → 0 β ≤ α + 1 and
(µβ νβ σβ) β ≤ α form a direct system of exact sequences with the
required properties.
Assume lM = α is a limit ordinal. By induction on β < α, we
obtain a well-ordered direct system of exact sequences 0 → Yβ →
Xβ
fβ−→Mβ → 0 and monomorphisms (µβ νβ σβ) β < α. Let 0→ Yα →
Xα
fα−→M → 0 be the direct limit of the system. Since all elements of
 are ﬁnitely presented,  is closed under direct limits by Lemma 1.6.
In particular, Yα = lim−→β<α Yβ ∈ . For each β < α there is S ∈ simp-R
with Coker(νβ) ∼= XS , so Xα = lim−→β<α Xβ is -ﬁltered. It follows that
0 → Yβ → Xβ
fβ−→Mβ → 0 β ≤ α and (µβ νβ σβ) β ≤ α form a
direct system of exact sequences with the required properties.
For right semiartinian rings, we obtain a more precise description of the
special precovering class :
Corollary 2.4. Let R be a right semiartinian ring and let  be a set of
ﬁnitely presented modules such that for each F ∈  there is a syzygy module
S1F which is isomorphic to an element of  .
Let  =  be the complete cotorsion theory cogenerated by  .
For each S ∈ simp-R, take a special -precover of S fS XS → S. Put  =
XS  S ∈ simp-R.
Then any module M has a special -precover f  A→M such that A is -
ﬁltered. The class  consists of all direct summands of all -ﬁltered modules.
Proof. By assumption, M is semiartinian. Let (Mβ  β ≤ α) be a com-
position series of M . Then the map fα Xα →M constructed in Lemma 2.3
is a special -precover of M and Xα is -ﬁltered.
By Lemma 1.5, any (direct summand of a) -ﬁltered module is in .
Conversely, if M ∈ , then the special -precover of M constructed above
splits. So M is a direct summand in a -ﬁltered module.
For an arbitrary right noetherian ring R, denote by f = f f  the
cotorsion theory cogenerated by <ω. Since <ω has a representative set of
elements, Theorem 1.7 implies that f is complete. So f is a special pre-
covering class, but—unlike <ω—f always contains inﬁnitely generated
modules. On the other hand, as we will prove in the Corollary 2.6 below,
<ω is exactly the class of all ﬁnitely generated modules from f .
For each n < ω, denote by n = nn the complete cotorsion theory
cogenerated by <ωn .
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We will show that special f -precovers can be computed by an iteration
of n-precovers, as follows:
Let M ∈ Mod-R. Take any special 0-precover, π0, of M , so there is
an exact sequence 0 → Bn
ν0−→An
π0−→M → 0 (for example, take A0 free
and B0 the corresponding ﬁrst syzygy module of M). Assume a special n-
precover πn of M is already constructed, so there is an exact sequence
0 → Bn
νn−→An
πn−→M → 0 with Bn ∈ n. Let µn Bn → Bn+1 be a special
n+1-preenvelope of Bn (see Theorem 1.7). Consider the pushout of the
monomorphisms νn and µn:
0 Bn An M 0
0 Bn+1 An+1 M 0
νn πn
µn σn
νn+1 πn+1
Since Coker(µn) ∼= Cokerσn ∈ n+1, also An+1 ∈ n+1. So πn+1 is a
special n+1-precover of M .
Lemma 2.5. Let R be right noetherian. Denote by 0 → Bf → Af
πM−→
M → 0 the direct limit of the direct system of the exact sequences 0 →
Bn
νn−→An
πn−→M → 0 n < ω, with the monomorphisms (µn σn idM) con-
structed above. Then πM is a special f -precover of M .
Proof. For each n < ωAn ∈ n ⊆ f and Coker(σn) ∈ n+1 ⊆ f . So
Af is f -ﬁltered. By Lemma 1.5, Af ∈ f . Clearly, f = ∩n<ωn. Being
cogenerated by a set of ﬁnitely presented modules, n is closed under direct
limits by Lemma 1.6. So Bf ∼= lim−→m≥n Bm ∈ n for each n < ω. It follows
that Bf ∈ f , so πM is a special f -precover of M .
Corollary 2.6. Let R be right noetherian. Then f ∩mod-R = <ω.
Proof. Let M ∈ f ∩ mod-R. Then the exact sequence 0 → Bf →
Af
πM−→M → 0 splits. Since M is ﬁnitely generated, there exists n < ω such
that π−1M maps into the monomorphic image of An in Af . So M is isomor-
phic to a direct summand in An; hence M ∈ n. The reverse inclusion is
trivial.
Of course, if R is right noetherian and fdim(R) = n <∞, then f = n,
so in the construction above, πn An →M is a special f -precover of M .
If R is right noetherian and fdimR = ∞ (for example, if R is as in the
Nagata examples) then taking M = ⊕n<ωMn where, for each n < ωMn is
ﬁnitely generated with projdimMn = n, we see that none of sequences
0 → Bn
νn−→An → M → 0 splits, while any special f -precover of M does
split. So the construction requires performing all of the ω-many steps.
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If R is right artinian, we can express fdimR in terms of the projective
dimensions of special f -precovers of the ﬁnitely many simple modules:
Theorem 2.7. Let R be a right artinian ring. For each S ∈ simp-R, take
a special f -precover, fS XS → S. Then
fdimR = maxprojdimXS  S ∈ simp-R
In particular, fdimR <∞ iff XS ∈  for each S ∈ simp-R.
Proof. Since R is right artinian, simp-R is ﬁnite, and all syzygy modules
of any element of <ω can be taken in <ω. So Corollary 2.4 applies to
our setting.
Let n = fdimR < ∞. Then <ω = <ωn , so f = ⊥<ωn ⊥. By
Proposition 2.2, n = ⊥⊥n , so f ⊆ n. This proves that fdimR ≥
maxprojdimXS  S ∈ simp-R.
Conversely, let n = maxprojdimXS  S ∈ simp-R <∞. Put  = XS 
S ∈ simp-R, where XS → S is a special f -precover of S. By Lemma 1.5,
all -ﬁltered modules are in n. By Corollary 2.4, <ω ⊆ f ⊆ n. This
proves that fdimR ≤ maxprojdim XS  S ∈ simp-R.
Following [2], a class  ⊆ mod-R is contravariantly ﬁnite if  is a covering
class in the category mod-R. In the particular case when  = <ω this can
easily be expressed in terms of special f -precovers of simple modules:
Lemma 2.8. Let R be a right artinian ring. Then <ω is contravariantly
ﬁnite iff we can choose XS ∈ mod-R for all S ∈ simp-R.
Proof. Assume XS ∈ mod-R for all S ∈ simp-R. By Lemma 2.3, each
ﬁnite length module F has a special f -precover XF → F such that XF
is ﬁnitely -ﬁltered. Hence XF has ﬁnite length. Thus the special f -
precover has a minimal version with a ﬁnitely generated domain (see,
e.g., [1, Theorem 1.6]). So <ω is contravariantly ﬁnite.
Conversely, let gS YS → S be a <ω-cover of S in mod-R. By the version
of Lemma 1.2 in mod-R, Ker(gS ∈ <ω⊥ ∩mod-R ⊆ <ω⊥. So gS is a
special f -precover of S.
As a corollary, we obtain a sufﬁcient condition for ﬁniteness of the little
ﬁnitistic dimension of right artinian rings. The condition was discovered in
the artin algebra case by Auslander and Reiten [2].
Corollary 2.9. Let R be a right artinian ring. If <ω is contravariantly
ﬁnite then fdimR <∞.
Proof. By Lemma 2.8 and Corollary 2.6, each simple module S has
an f -approximation XS → S such that XS ∈ <ω. By Theorem 2.7,
fdim(R < ∞.
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The sufﬁcient condition of Corollary 2.9 is not necessarily even in the
case when A is a monomial relation ﬁnite dimensional algebra over an alge-
braically closed ﬁeld. Igusa et al. constructed such an A with fdimA = 1,
but with <ω not contravariantly ﬁnite [8]. By Theorem 2.8, in this case
XS ∈ 1\<ω for some S ∈ simp-A.
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